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Kandom Variables of Latttce T ype

: l
"‘T We now assume that each r.v. of the sequence x;, A If
. is of lattice type (see page 96), taking values bk (k = R -1, 0, \
o 1, . ..), forming an arithmetic progression. The densities fi(z) are

sequences of impulses, and their characteristic functions &:(w) are peri- !

odic with period 2r/b (Fig. 8-4). l

" The characteristic function of the !
sum

x=x1+ " +X
is given by [see (8-39)]
P(w) = B1(w) * * - Balw)

Fig. 8-4 ' . Therefore it is also periodic. From

- the above, we conclude that the

density f(z) of x is also of lattice type, taking values at the points bk.
The determination of the probabilities P{x = bk} involves multiple sum-

=

- e -

e mations. However, for large n, these probabilities are approximately AR

equal to the ordinates of a normal curve, with the same mean 5 and
variance o? as f(x):

P{x = bk} o —L_ ¢=@h-ias (8-104)

o\ 2r

In other words, f(z) tends to a sequence of equidistant impulses with
envelope a normal curve:

Ja) = - \1/% oG-t 2 5(z — bk) (8-105)

This is the central-limit theorem for lattice type r.v., and can be deduced
from (8-101).
DeMoivre-Laplace Theorem. The normal approximation

1
T\ pkgn—k ~— _ p—lk—np)¥2npq 8-106
(k) ? ? vV 2rnpg ( )

. . [see (3-36)] of the binomial coefficients is & special case of (8-104).
Indeedg. suppose that the r.v. x; take only the value 0 and 1, with
- ‘Pl =1} =p Plx =0} =
We then have (see Example 5—29) _
E{x}=p o’=pg . B(w)=pe*+g

The characteristic function of the sum x = x; + - - - + x, is given by

&) = (pe* + g = - - - + (Z) prgrrek - -
Thus x is of lattice type, and

-
e
H]
|
=
Il
N
8
N’
3
x
%)
)
&

But
E{x} =np o’ =npg

Substituting the above into (8-104), we obtain (8-106).
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Table 7.5 Transformations of random variables (distributions specified) (Continued)

No. Transformation u Original distribution Final distribution
17 zi+ 224+ - -+ 4 2a z;'s all Cauchy distributions with & = Cauchy
s parameters §; and «; afx
fz) = el hw) (z — 6)* +a’ m<uste
o (z — 6:) + o a=aitart - +an -

0 =26 +8:+ - 46
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Central Lir:xit Theorem '
A sufficient set of conditions for convergence of the central-limit ™~ - i
theorem are the Laplace-Liapounoff conditions, which state that a
sufficient condition for convergence is that

e lim [ (var u)} .ilE(lx‘ — D] =0 . -

kol
U ————m—oy,

e e 1,
o,

provided that each z: is independent and possesses a third moment.
Notice that the criterion involves a ratio. The numerator of the ratio is
the sum of quantities which are similar to the third moment about the
mean (the absolute-value signs make this different from the third
moment). The denominator is the variance of  raised to the § power.
If the ratio approaches zero as n — «, the central-limit theorem holds.
-Since this is only a sufficient condition, if the test fails, we must investi-’

gate further; nothing is certain. "~

A complete discussion of various necessary and sufficient conditions for

the convergence of the central-limit theorem can be found in Munroe.! i

) (i) Lapunov THEOREM (C.L.T.). Let {X,}, n=1,2,... be a sequence
of independent random variables. Let E(X,) = p,., F(X, — p, ) = 0,2 #0,
E(x, — u,)° = a, and E|X, — pu,|*> = B, exist for each n. Furthermore
let "

B, = (Z .Ba) ) Cn= (Z diz) .
1 1
Then if lim (B,[C,) = 0 as n — oo, the d.f. of
Yﬂ = z (Xz - /“z)

C
tends to D). ( Ganssian)

n

' ' . ) For a proof of this theorem and other forms of central lg'm‘ it theorems
see Gnedenko (1962) and Gnedenko and Kolmogorov (1954).

Gnedenko, B. V. (1962), Theory of Prol;;xl;fi}'}')', Chelsea, New York.
i Gnedenko, B. V. and A, N Kolmogorov (1954), Limit Distributions Sor Sums of Inde-
i pendent Random Variables, Addison-Wesley, Reading, Mass.

l ) ({3 - ) : o - ) .
M. E. Munroe, “The Theory of Probability,” McGraw-Hill Book Company, New

York, 1951.
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On the rélation E(X) = E{(E(X|Y))

By PETER ENIS
State University of New York at Buffalo

SoMMARY

Attontion is drawn to a frequently misstatod result concorning a relation between conditional and

unconditional expectation. The correct statement of the result is indicated along with a simple example
illustrating its need.

Some key words: Expoctation; Conditional expectation.

Tn many books on probability and statistics, both olomontary and advanced, the reader is provided
with the vory useful formule for obtaining the expoctation of & random variable, viz

E(X) = E{E(X|Y)}, ’ (1)

without boing warned against its indiscriminato use. In particular, the requiremont that E(X) mus:
oxist (Rényi, 1970, p. 260) for (1) to bo valid is often omitted, leading the unwary reader to believo that
existonce of the right hand side guarantees that of the left hand side; this rmsconceptmn is clearly
illustrated by the following simple example.

Lot ¥ be a positive random variablo with probability density function _

| 34 *

where ¥ > 0. Further, let the conditional distribution of X given Y = y be specified for y > 0 by the
probability density function

9y) =

Sflzly) = (2m)-tyte=ivs" ( 0 <z < o).

Thus, BE(X|Y) = 0, 80 that E{E(X|Y)} = 0. On the other hand, the marginal probability density function
of X is easily shown to be

_ r{‘-}(V-%- 1} 22\ —Kv+1) - .
") = Py (1 +7) (—o0 <z <o)

i.e. marginally X has the Student ¢ distribution with v degrees of freedom. In particular, for v = 1 the
random variable X has a Cauchy distribution for whlch E(X)doesnotexist although as mentioned above,
E{EX|Y)}=0.

As the reader can show, it is only forrzv that E(X*) does not exist, whereas it is only for even r 2 »
that B{E(X"|Y)} does not exist. Furthermore, rela.txon (1) is always true if X is & nonnegative random
variable.

REFERENCE
RENvyI, A. (1970). Foundations of Probability. San Francisco: Holden-Day.

[Received August 1972. Revised November 1972]
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17.15 Now consider an unbiassed estimator, t, of some function of 6, say = (6).
This formulation allows -us to consider unbiassed and biassed estimators of 8 itself,
and also permits us to consider, for example, the estimation of the standard deviation
when the parameter is equal to the variance. We thus have

E@ = ...Jzdel ... dx, = 7(6). (17.20)

o -

We now differentiate (17.20), the result being .

.A j' talggLLa’xl...dx,, ~ 7 (o),

which we may re-write, using (17.18), as

< (6) = J...j{t—t(@)}alggLdel...dx,,. (17.21)
By the Cauchy-Schwarz inequality, we have from (17.21) -
CwZOP< J' . ..j{t—r(ﬁ)}2de1. de j (alogL)zdel...dx,,,

96
which, on rearrangement, becomes

vart = E{t—2(0) }* > {z'(6) }*/E [(a 1;§L)z]; (17.22)

This is the fundamental inequality for the variance of an estimator, often known as
the Cramér—Rao inequality, after two of its several discoverers (C. R. Rao (1945) ; Cramér
{1946)) ; it was apparently first given by Aitken and Silverstone (1942). Using (17.19),
it may be written in what is often, in practice, the more convenient form

vart > — {z'(6) ¥/E <22_Ia%%_1_’) (17.23.)
We shall call (17.22) and (17.23) the minimum variance bound (abbreviated to MVB)

for the estimation of 7(6). An estimator which attains this bound for all 6 will be
called a MVB estimator.

It is only necessary that (17.18) hold for the MVB (17.22) to follow from (17.20).

E[(alggl‘)z] - _E(a”a‘;fL). (17.19)

If (17.19) also holds, we may also write the MVB in the form (17.23). .

{rd

3, When Dees  No Q&f f_oievx‘{'_C{—e'; achieving s Cramer —Rao
-;Zof-‘lev'...n__bow.nota.),_ Vava mcfi’_e\f_ E,Sﬁv,u. =+.e. B} ,Exisii_., i
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17.16 In the case where ¢ is estimating 6 itself, we have 7'(f) = 1 in (17.22) and
for an umbiassed estimator of ’

" vart 3 I/E[(ath)z] - —1/E(a_23£'). L ar.24)

) a0 d6*
In this case the quantity I defined as

I—E [(a log L)2 ] | (1725)

o0

is sometimes called the amount of information in the sample, although this is not a
universal usage.

17.17 1t is very easy to establish the condition unde i i ined.
The inequality in (17.22) arose purely from the use of the Cauchy—Schwarz inequality,

and the necessary and sufficient condition that the Cauchy-Schwarz inequality becomes

an equality is (cf. 2.7) that {—7(6) } is I;roportional to algeg L for all sets of observa-
tions. We may write this condition
2 lggL = A4.¢t—2(6)), (17.26)

where A4 is independent of the observations but may be a function of 6. Thus (17.26)
becomes '

2 1;51; = 4(6) {t—7(6) ). (17.27)
Further, from (17.27) and (17.18), B
dlog L\ dlog L\*7 _ 2.
ar( % >_ E[( % ) ]_ (4(6) Y2vary, (17.28
and since in this case (17.22) is an equality, (17.28) substituted into it gives
vart = |¢' (0)/A(6)]. (17.29)

We thus conclude that if (17.27) is satisfied, £ is a MVB estimator of ¢ (), with variance
(17.29), which is then equal to the right-hand side of (17.23). If () =9, vart is
Jjust 1/A4(6), which is then equal to the right-hand side of (17.24).

, Equivaleat =¥ 17.19 From (17.27) we have on integration the necessary form for the Likelihood

Conditions? Function (continuing o write A (6) for the jnteeral of the arbitrary function, 4(6) 1
Ty 6) in
{"V 8ckf¢v5n§17.27)) ( ) g a unction ( )

' cVau»CV— ﬂac

logL = tA(@)+P6)+R(xy, %s - - . , %),

which we may re-write in the frequency-function form

J10) = exp {(A(0) B(x)+C)+D() }, - (17.30)

where ¢ = EIB(x,), R(xy.u.,x,) = 'ﬁIC(x,-) and P(6) = nD(6). (17.30) is often

called the exéonential family of distributions.

Efficiency

17.28 So far, our discussion of MYV estimation has been exact, in the sense that
it has not restricted sample size in any way. We now turn to consideration of large-
sample properties. Even if there is no MV estimator for each value of #, there will
often be one as 7 tends to infinity. Since most of the estimators we deal with are
asymptotically normally distributed in virtue of the Central Limit theorem, the distribu-
tion of such an estimator will depend for large samples on only two parameters—its
mean value and its variance. If it is a consistent estimator it will commonly be asympto-
tically unbiassed—cf. 17.9. 'This leaves the variance as the means of discriminating
between consistent, asymptotically normal estimators of the same parametric function.

Among such estimators, that with MV in large samples™ is called an efficient esti-
mator, or simply efficient, the term being due to Fisher (1921a). It follows from the
result of 17.26 that efficient estimators tend asymptotically to equivalence.
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Example 17.7
- To estimate 9 in

: .. . . s - _ 1
S
U “ We have

3.2 Oue example v here n &chﬁ"é"eﬂ%' esTimate exisfs
).
7,

__dx —0 < x < o s
{1+(=-06)2}’ T e , -

dlogL x—0
—2 =23 = "
00 {1+ (x—06)2}
This cannot be put in the form (17.27). Thus there is no MVB estimator in this case.

- Kev(' £



Is

4 Tuberesting Propertics of fhe Conchy Ditvibction.

/-l..i__“,_,,C’ Y oh,-o.._ 1S ,,_PveSeY‘VeA --twcgev ao{olf“"[em,

. Table 7.5 Transformations of random variables (distributions specified) (Continued)

No. Transformation U Original distribution

Final distribution

17 21+ 29+ -« + 24 z;'s all Cauchy distributions with 2 = Cauchy

parameters 6; and o; afx

—o <ug 4w

f(z) zL hu) = (z — 6)* + a?
(z — 6;)* + a;? a=aor+as+ - +an
0 =646+ --- + b

4,2 Cauo,:l«\i) is _,fresevﬂgcj_w wndey al[»rr[sfm,

Table 7.5 Transformations of random variables (distributions specified) (Continued)

No. Transformation u Original distribution Final distribution
18 1 z Cauchy with ps:;;a.meters 8, a“ "u';_C.a\—xchy B T T
v CoMw = 2 e i< .
(z = 0)+a"
Y . 0 ! @« X
' ! e—a’-l-@: a—qt_!_gz M
L, 2. = lic). i
A‘ show )40 : g(x) = a/x (hyperbolic). With
i ‘ =2
| - 7T
; the equation y = a/z has a single solution
a 1
x .
Yy
2 for every y (Fig. 5-14). Since
4N : -
, )= -2 =¥
o x . g'@) = ? a
we conclude from (5-6) that the density of y
is given by
a a
Fig. 514 s = B1.(9) (5-9)

Special Case. If x has a Cauchy density
afn
o) = e
: with parameter « and y = a/x, then

‘ a / al/
{ fy(y) = 'ZE](ZZ/;; Zr*_ al = yz l_*_] :27;0‘2

f is also a Cauchy density with parameter |a|/a.

Refr 1



-

4.8 Caunchy is uni modal 3 has 2 _wode  and media , but Ng
o _wmean (n o_expe cted _vslue _or _other hi gl\ er _Moments ).‘7 ot ches
R ,__Jn a_jf_e,,w*a_m_&ha»{a cil'.e_'!./_f.s,-.m&;:m_ ‘iC Mt.d'_t;qn__:_w_ e e

i The median, A", on the other hand, is any value of X

such that one-half of the values are above and ope-half below it (it divides :
the area of the histogram in half).* The mode is that value of X which fmr e
appears most frequently. If the data are grouped we usually choose as i
the mode the midvalue of the interval with the highest frequency. The h
mode is not used at all commonly, because it can be difficult to define or i

4

interpret. o ' Red. T

Cauchy (Fig. 4-13) -,

fa) = =% (4-55) Ref |

a 4+ z2 o ‘ _
o o M = mede aud median
e ar= . aalue s X=o0
e e - J [ : 0 (X. - _; : N R&' ' .
Fig. 4-13 . R

Some one-dimensional continuous disiribution functions

. Characteristic
Probability Density | Restrictions Skewness E ey
Funct{on ¢ on Mean Variance , X083 7, . une!
Name Domain =) ParD, ;
e
L3 1 i
26.1.25 | Error function ~oz<e ‘,;e-* = <A< |0 ) .o 0
e imt 2
and) ¥ § 3
1 "i P ) 3 0 0 ¢
- 1 —w<lmlo | m o R
26.1:26 Normal wlzlw oy osms
L1 ; garpltl
- - not de- | not defined not de- not defined
26.1.27 | Cauchy olzlm ' " ( zﬁ ), :<¢<<wm de.
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7. g(x) = a tan x. The case

can be handled similarly. The equation y = a tan z has infinitely many ‘r
solutions (Fig. 5-25a):

= arctan- n=...,—-1,01,... _ t,
- an:a;l)‘ry Since ‘ ) i S
a a? + y?
g = cos’z  a
we obtain from (5-6) ‘ i
. a © .
56 = g ), H) (-17)

Special Case. If x is uniformly distributed in the interval (—=,r),
then only two terms in (5-17) are different from zero and e

a 2 _ a/r

fy(y). iy i ey (5-18) |
Thus the r.v. y has a Cauchy density as in Fig. 5-25b.
4 fp(?) :
' 1/28 1l
1 - ‘ .
l g S
| % 0 & ¢ 0 dind ¥
@ ®
Fig. 5-26

Example 5-15. A partiéle leaves the origin in a free motion, forming an angle
¢ with the horizontal axis. With y as in Fig. 5-26a, we have

y = dtan & '

Assummg that § is a r.v. uniformly distributed in the interval (~6,6), we shall deter-
mine the density of y. Reasonmg as in (5-18), we find

i
da/26
Fry) = {m vl <dtanse
0 lyl > dtan 6

Thus fy(y) is a truncated Cauchy deasity (Fig. 5-26b). !

y = atanx a>0 e
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Table 7.5 Transformations of random variables (dastrlbutlons spec:ﬁed)

... No. Transformation u : .
: o ~Orzgmal distribution Final distribution
- 6 = T1, T2 have a joint normal distribu- u = Cauchy
s tion with zero mean, variances 1

—© <uf +ew

i a1 and o3, and correlation p (u) = xows [(u P): + ‘\/lTp’]
V1 - p?

o1 (4

Example 7-9. We assume that the r.v, x and y are jomtly notmal w:th

;‘
!
. ! 2rzy, ot
1 : '
Jortay) = 250102 V1 — 12 ¢ 2(1—f‘)( 2 "’) @-24) 3 -
and shall determine the density of their ratio ’
- - x
z E—a
y f
From (7-23) we have o ) )
1
= 2 bl 2(1 —r’) x’ nﬂ+az’
f:(2) = %———dwz Vi / o Ye dy

But
«© <
/0 ye vt dy = gt /0 evdw = at

Hence, after some simple computations,

V1 — ;" oo /x

='02’(z — royfa2)? + o2l — 12)

(3

(7-25)

Thus: If x and y are jointly normal with zero mean, then their ratio z = x/y has a
Cauchy density (Fig.'7-14) centered at z = ro1/os.

x, y Jointly normol: E{x} = E{y} =0

19 4
i -3 1 &
T T ar 7t 2,
0 X
1 24 1 a
fl2) Tre | 4%
/}\ > nom £ {xy}
o . ra; - B e
2 | el 2043
Fig.7-14 - Fig. 7-15
'Tile corresponding distribution is found by integration: .
z o2 — 101
= == —_— 7-26
Fz(2) / e fi(a) da + arctan i (7-26)

If x and y are independent, then r = 0 and (7-25) becomes

_ d’x/ﬂ'a"z -
O = e =D Reg:
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